step 1: investigate A = -B

A B _lB AE—|B —|(AE—|B)
0 0 1 0 1
0 1 0 1 0
1 0 1 1 0
1 1 0 0 1

1 (A=-B) = -AA-B v AAB
A=-B = - (wAA-B v AAB)

De Morgan’s law (1): = (X v Y) is the same as (=X) A (1Y)
A=-B = (=1(-AA-B)) A =(AAB)

De Morgan’s law (2): = (X A Y) is the same as (-X) v (7Y)
applied to the first term

=-B = (+-A v a-B) A a(AAB)

A
A=-B (Av B) A =(AAB)

applied to the second term

A=-B = (A\/B) VAN (—lA\/—lB)



step 2: investigate A = BAC

A B C BAC | A=BAC |- (A=BAC)
0 0 0 0 1 0
0 0 1 0 1 0
0 1 0 0 1 0
0 1 1 1 0 1
1 0 0 0 0 1
1 0 1 0 0 1
1 1 0 0 0 1
1 1 1 1 1 0

1 (A=BAC) = -AABAC v AA-BA-C v AA-BAC v AABA-C
A =BAC = = (1AABAC v AA-BA-C v AA-BAC v AABA-C)

De Morgan’s law (1): = (X vY) is the same as (=X) A (7Y)
A=BAC = (—|(—|A/\B/\C)) A (—|(A/\—|B/\—|C)) A (—|(A/\—|B/\C)) A (—|(A/\B/\—|C))

De Morgan’s law (2): = (X A Y) is the same as (-X) v (1Y)
applied to all three terms

A=BAC = (—|—|A/\—|B/\—|C) A (—|A/\—|—|B/\—|—|C) A (—|A/\—|—|B/\—|C) A (—|A/\—|B/\—|—|C)

A =BAC = (Av-Bv-C) A (HAVvBVC) A (FAvBv-C) A (HAv-BvC)



step 3: investigate A = BvC

A B C BvC | A=BvC |- (A=Bv()
0 0 0 0 1 0
0 0 1 1 0 1
0 1 0 1 0 1
0 1 1 1 0 1
1 0 0 0 0 1
1 0 1 1 1 0
1 1 0 1 1 0
1 1 1 1 1 0

a1 (A=BvC) = 1AA-BAC v -AABA-C v -AABAC v AA-BA-C
A=BvC = = (7AA-BAC v AABA-C v SAABAC v AA-BA-C)

De Morgan’s law (1): = (X v Y) is the same as (=X) A (1Y)
A=BvC = (—|(—|A/\—|B/\C)) A (—|(—|A/\B/\—|C)) A (—|(—|A/\B/\C)) A\ (—|(A/\—|B/\—|C))

De Morgan’s law (2): = (X A Y) is the same as (-X) v (1Y)
applied to all three terms

A=BvC = (—|—|A/\—|—|B/\—|C) A (—|—|A/\—|B/\—|—|C) A (—|—|A/\—|B/\—|C) A (—|A/\—|—|B/\—|—|C)

A=BvC = (AvBv-aC) A (AvaBvC) A (AvaBv-C) A (HAvBvC(C)



step 4: take a BOOL-SAT problem

Any one at all

A

C

(This one doesn’t look very good)

Replace all gates that have more than two inputs with the equivalent
combination of two input gates, and

Label every gate’s output.



step 5: Turn it into a lot of equivalences

d =4

e =-31A
f =

g =daAC
h =evf
i =EAng
j =EBvh
k =4j
1 =-i
m=iak
n =jal



step 6: Combine them

To describe the circuit in a single formula, we need to insist that all those
equivalencies are true.

To express the boolean satisfiability problem, we need to insist that the output
is true too.

(d=-B)
A(e=A)
Af=-0)
Alg=dAC)
Ah=ev
A= Ang)
AG=Bvh)
A k= ))
Al=E A1)

AX=mvn)



step 7: Abracadabral!

Replace the equivalencies with their alternate forms discovered in steps 1 to 3.
A=-B = (AvB) A (HA v aB)
A=BAC = (Av-Bv-C) A (HAVvBVC) A (RAvBv-C) A (RAvABVC)
A=BvC = (AvBv-C) A (AvaBVvC) A (Av-Bv-C) A (mAvBvC)

(d= - B) (dvB) A (nd v -B)

Ale = A) A (e VA A (ne v -A)

Af=-0Q) A fvC A (-fvaC)

Alg=d Q) A[gvadv-aC) A (rgvdvC) A(hgvdyvaC) A (ngv-d v C)
Ah=evi Ahvev-f) A hv-aevi) Athv-aevaf) A (thvevi)
A= Ang) ANlilvaAvag A (RFivAvg A(RiVAvVAag A (Hiv-aAvg)
AG(j=Bvh) — A (jvBv-h) A GvaBvh) A(jv-aBv-h) A (1jvBvh)
A= Aj) A (kv A (Rkv )

NEE A Lvi) A (Alv i)

AMm=ink) AMmvaiv-ak) A (mvivk) A(hmviv-ak) A (-mv-ivk)
Am=jAl ANAmvagvaC) A (nvjvC A(nvjval) A (nv v C)
A(X=mvn) AXvmvon A Xvamvn AXv-mv-n A (-Xvmvn)
A X A X

We've got one big formula in 3CNF.

If you really want to be truly in 3CNF, we can simply duplicate literals in
terms that have only got one or two.

(d vB) becomes (dv B vB)
X becomes (X v X v X)



This formula in pure 3CNF

(dvBvB) A (nd v B v -B)
A (evVAVA) A (nevaAv-A)

ANfvCvC A (AfvaC v a0

Algvadv-aC) A (hgvdvC) A(hgvdyv-aC) A (hgvdv Q)
Ahvev-f) A (hv-aevi) Athv-aevaf) A (thvevi
Aliv-aAvag) A (RivAvE A(RiVAVAag A (Hiv-oAvEg)
AGvBv-ah) A Gv-Bvh) A(jv-Bv-h) A (1jvBvh)

A kvivi) A (kv AajvEj)

Alvivi A (AlvAiv i)

Amvaiv-ak) A ((mvivk) A(hmvivak) A (-m v -ivk)
AmvajvaC) A (mvjvC A(nvjvaC) A (nvajv C)
AXvmvon A Xv-mvn) AXv-mv-n) A (-Xvmvn)
A (XvXvX)

is exactly the same as the boolean satisfiability problem for the logic circuit.

The transformation was easy (once the method was worked out), and the
number of terms in the 3CNF formula is no more than 4 times the number of
gates in the logic circuit plus 1 (once the multi-input gates have been
converted)

Therefore, if we could solve 3CNF-SAT efficiently, then we could solve BOOL-
SAT efficiently.
3CNF-SAT solves BOOL-SAT.

A formula in 3CNF is just a boolean formula with restrictions on what you
can say. Every 3CNF formula is a BOOL formula, so
BOOL-SAT solves 3CNF-SAT.

They are equally hard.
Restrict boolean logic so far that all you can have is a conjunction of
disjunctions of three literals, and it remains just as difficult to solve. 3CNF-

SAT is NP-complete.

Restrict the other way, so that all you can have is a disjunction of
conjunctions of three literals, and it (3DNF-SAT) becomes trivial, just like
DNF-SAT.

Take the restriction just one step further to 2CNF, and it also becomes trivial.



